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An Integral Solution for Thermal Diffusion in Periodic
Multilayer Materials: Application to
Iron/ Copper Multilayers
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A closed-form solution for heat transfer through a periodic multilayer material
utilizing a transfer matrix technique is presented. The benefit of this technique
for periodic multilayer samples is that the use of eigenvector decomposition
significantly simplifies the solution. Experimental results, obtained in the vicinity
of 1200 K on samples composed of 10 bilayers of nominally 2/3 #m copper and
4/3 gm iron on 75-um molybdenum substrates, are presented.
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1. INTRODUCTION

Increased interest in multilayer materials in various applications, including
thermal barrier coatings, has necessitated the development of techniques
for measuring their properties. Thermal diffusivity (thermal conductivity
divided by the product of specific heat and density) is one of the key trans-
port properties. Methods for determining thermal diffusivity of relatively
thick (~1-mm) monolithic samples constitute a mature field. Indeed,
numerous materials have been studied at elevated temperatures by trans-
ient experiments utilizing surface thermal pulses [1, 2]. Studies of heat
transfer in multilayer materials are less common, due partly to the difficulty
of measurement on thin ( ~100-um) samples. Theoretical treatments exist
for heat transfer through the most general multilayers, each layer with
independent thickness and thermal transport properties [3, 4]. These
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solutions range from separation of variable techniques [5] to recursion
techniques [6]. The exact solution presented in this paper for heat transfer
in periodic multilayers has computational complexity independent of the
number of repeat units in the multilayer, i.e., the number of bilayers.

In thermal pulse experiments, a heat pulse is delivered to the front sur-
face of a sample of known thickness that is being maintained in a constant
ambient temperature, and the temperature of the rear, occasionally the
front, surface of the sample is subsequently monitored. As the heat
delivered by the pulse diffuses within the sample, the temperature of the
front surface decreases and that of the rear surface increases. After sufficient
time, the temperature of the entire sample decreases to the ambient tem-
perature through radiative or conductive heat loss. It is through theoretical
modeling of the temperature transient of either surface that the thermal dif-
fusivity of the sample is determined. Analysis of experiments on multilayer
samples has in the past [7, 8] been accomplished by discretizing the heat
transfer equation and boundary conditions and time stepping forward to
permit simulations of heat transfer through the sample. Though this techni-
que does permit analysis of data, it requires a boundary condition to repre-
sent each interface in the material and the solutions typically yield little
insight into the general behavior of the solution.

In this paper, a closed-form solution utilizing transfer matrices is
presented. For periodic multilayer samples, the use of eigenvector decom-
position significantly simplifies the solution. Measurements in the vicinity
of 1200 K on samples composed of 10 bilayers of nominally 2/3 gm copper
and 4/3 um iron on 75 um molybdenum substrates are presented, and the
results are analyzed utilizing the developed theory.

2. THEORY

2.1. Solution of the Heat Transfer Equation

For one-dimensional heat flow, solutions utilizing heat flux and tem-
perature transfer matrices can be found in the literature [9]. The transfer
matrix relates the heat flux and temperature on both sides of a material.
Where the heat flux through and temperature on surface n are of the form

Q%N =0 w)e™ and  TYt)=T,(w)e" )

as per the schematic diagram shown in Fig. 1, the heat flux and tem-
perature on each side of the layer are related by

[Qo(w)} =[T.1(w) )2 HQ (0))] 2)
Ty(w) Ty (w) Tp(w)]| THw)
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Fig. 1. Schematic diagram of a single layer indicating directions
of positive heat flux Q on the surfaces.

The elements of the transfer matrix 7 are evaluated using the thermal diffu-
sion equation and heat flux boundary conditions to find

Ty =rzz=cosh< /E L>
o

T2 /(K Jiwja) = 14,k \/icofo = sinh <E L>

where «, », and L are the thermal diffusivity, thermal conductivity, and
thickness, respectively, of the layer. The elements of the transfer matrix R
for an interface, interface resistance p, are [9]

R“:R?_z:l.o, R]2=O, and R2|=p (4)

The transfer matrix for a layered structure is the product of the
transfer matrices of all the layers in the order in which they occur from
front to rear in the sample. Thus, for the periodic multilayer composed of
N repetitions of any basis structure, e.g., a layer of copper and a layer of
iron, pictured schematically in Fig. 2, the transfer matrix M for the entire
multilayer, in terms of the transfer matrices C, C,, etc., of each of the N
repetitions of the basis structure, is

M=C, - Cyo - - Cy=CV (5)
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Fig. 2. Schematic diagram of a multilayer composed of N repetitions of a
repeat unit. in this case a bilayer .1 thick composed of a layer of A lollowed
by a layer of B. Each layer in the repeat unit has its own thickness. thermal
diffusivity, and thermal conductivity. The interface resistance is associated
with the planar interface where the layers of 4 and B meet.

where the last equality holds because the N transfer matrices are identical
to the transfer matrix of the basis structure. The transfer matrix M defined
above relates the heat flux and temperature for the front and rear surfaces
of the multilayer sample according to

{Qu(w)] =[M1|(CU) MIZ(CU)}[QN(U))] (6)

T,(cw) My (w) Mi(w) || Tylw)

Putting aside, for the moment, the considerable computation associated
with multiplying the N transfer matrices to determine the multilayer trans-
fer matrix M, the solution for the heat pulse experiment can now be sym-
bolically written; the computational issue is addressed shortly. For thermal
pulse experiments for which it is appropriate to neglect radiative heat loss
[ 107, the adiabatic condition Q,{w)=0 applies to the rear surface. Thus,
using Eq. (6),

Qolw) =M ,-(w) Tr(w) or Tylw) = Qyw)/M,-(w) (7)

For the case of an imposed heat flux on the front surface, e.g., the thermal
pulse, adiabatic conditions otherwise holding on this surface as well, the
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temperature transient on the rear surface i1s obtained using the inverse
Fourier transform

) ) 1 ¢~ .
Tf\’,(l)=5;j 7 Tylw) e™ do=— [ —Q“(—w)—e’”” do (8)

2r J_ s Mlz((l))

where Q,(w) is the Fourier transform of the imposed heat flux. For a
thermal pulse that is a delta function in time and conveys total energy per
unit area Q, neglecting radiative heat loss and using the symmetry of the
integrand, Eq. (8) yields

Q .y eim/
T (== —da
N n Re J() M|3(U))d() ®

This is the temperature transient at the rear surface after a thermal pulse
experiment that is sufficiently faster than the response time of the sample.
Normalizing the temperature transient by the maximum temperature excur-
sion AT, the ratio of pulse heat per unit area Q and sample specific heat
per unit area c,, gives a signal of unit amplitude

T () —T(0)
Qlca

Once normalized, the solution given in Eq. (9) has a single functional
form independent of the total heat per area Q supplied by the heat pulse,
a result that has been recognized previously by Parker et al. [11, 12] for
homogeneous samples. Thus, neither accurate control nor measurement of
the heat per unit area Q imparted to the sample is necessary. The
experimental data need only be scaled so that the temperature transient has
a unit amplitude and the functional form can be determined. Note that
the normalized transform solution goes from —3 to + %, rather than from
0to 1.

=1 (10)

2.2. Simplification of the Integral Solution

The solution as presented in Eq.(9) is no more useful than most
numerical schemes, as it still retains the complexity of the multilayer in the
matrix multiplication required to determine M ,(w). However, significant
simplification is possible for periodic multilayer specimens. The first step in
the simplification is accomplished by an eigenvector decomposition [13] of
the matrix C, allowing it to be written in the form

C=545"" (11)



870 Joscell, Cezairliyan, van Heerden, and Murray

The matrix 4 has the form

i, 0
"=[0 Az] (12)

with diagonal elements A, and A, that are the eigenvalues of the transfer
matrix C. The matrix S contains the eigenvectors of the transfer matrix C;
the matrix S ™' is the inverse of S. The reason for expressing C in this way
becomes clear when the multilayer transfer matrix M is evaluated

M=CVN=(S4S ") (S48 "), (S4S HYy=S4"S~! (13)

where the subscripts 1 --- N merely indicate the repetition of the basis struc-
ture in the multilayer. The matrix algebra identities

0
S*‘S:[(l) J (14)
and
N
A~=["O' AON] (15)

have been used to obtain the simplified expression at the right of Eq. (13).
The elements of the 4, S, and S~' matrices can be easily determined for
arbitrary matrix C. The N matrix multiplications required to determine the
transfer matrix M are thus reduced to three matrix multiplications.

For a multilayer thermal barrier composed of alternating layers of
materials 4 and B (Fig. 2), with an interface resistance p at each interface,
the transfer matrix C of the repeat element is itself the product of four
transfer matrices representing the two layers and an interface in front of
each,

C=R-A-R-B (16)

The transfer matrices 4 and B have the same form as the transfer matrix
7 introduced in Eq. (2), the elements given in Eq. (3); it is only necessary
to substitute appropriate values for the thermal conductivity, thermal dif-
fusivity, and thickness (x, o, and L, respectively) of each layer.

The results of the linear algebra procedures described above are as
follows. The transfer matrix C of the bilayer, determined by the matrix
multiplication indicated in Eq. (16), is

Cy CIZ]
C= 17
[CZI Ca 1
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where
C,, =(p cosh(4,) +sinh(4,)/y,) y, sinh(4,) + cosh(d,) cosh(4,) (18a)
C,, =(cosh(4,) + py, sinh(4,)) y, sinh(4,) + y, sinh(4,) cosh(4,) (18b)
C,, =(p cosh(d4,) + sinh(4,)/y,)(cosh(4,) + py, sinh(4,))

+ cosh(4,)( p cosh(4,) + sinh(4,)/y,) {18c)
C,, = (cosh(4) + py, sinh(4,))(cosh(4,) + py, sinh(4,))
+ 7, sinh(4,)(p cosh(4,) +sinh(4,)/y,) (18d)

with

iw w .
A,:\/a:ij and Y= ,—o;K"' (j=1,2) (19)

The conductivity, diffusivity, and thickness of layers 4 and B are indexed
using subscript 1 and 2, respectively. The eigenvalues of C are obtained
from the solution of a quadratic. Representing the discriminant by

®=/C}+CL—2C, C»+4C,,Cyy (20)
the expressions for the eigenvalues are

L=(C+Cxn+®)2

(21)
Ay=(Cyy+ Cyy— P)/2
The solution for the rear surface temperature with N bilayers of the form
Eq. (16} is given by

Q P (peiu;l
0 - = N —
=5 | = (22)

after the ideal thermal pulse, energy per unit area Q, has been applied to
the front surface. The final step is to normalize the solution by the maxi-
mum rear surface temperature excursion Q/c,. Because the specific heat
per unit volume of each layer is given by the ratio of its conductivity and
diffusivity, x/a, the specific heat per unit area of the N bilayers is

ﬂ+L25%> (23)
I

2

CA:‘N(L!

8
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The normalized rear surface temperature transient, value —0.5 at r=0 and
value +0.5 as r — oo, is therefore

T4(1) I Re[ [ P (24)
= —_— -
Qfcn  mN(L Kk (/o) + Lyks /oy 0 Cl:(/’~‘i\_/1;)

where the symmetry of the solution has been used to reduce the integral
bounds.

Though it is still necessary to evaluate the integral solution numeri-
cally, the solution is computationally simpler than discretization of the
equations governing heat transfer and time stepping. Unlike discretized
solutions. the temperature need only be evaluated at the time or times of
interest and the computational complexity is independent of the number of
bilayers N in the fiim. The solution is valid until thermal losses become
nonnegligible.

2.3. Multilayer with a Capping Layer on a Substrate

The integral solution as described thus far is not sufficient for analysis
of the experiments presented here because the multilayers being studied, for
reasons explained in Section 3.1, are not freestanding. Accounting for a
substrate, the capping layer over the multilayer and the interface between
the multilayer and the capping layer, the transfer matrix is

M*=D-M-R-E (25)

where the matrix M is the transfer matrix for the periodic muitilayer deter-
mined in Eq. (13), R is for the interface resistance between the multilayer
and capping layer, its form given in Eq. (4), and D and E are the transfer
matrices for the substrate and capping layer, respectively; their form is that
of the transfer matrix t given in Eq. (3) with the appropriate conductivities,
diffusivities, and thicknesses substituted. The equation describing the
normalized temperature transient on the rear (capping surface) after the
thermal pulse is applied to the substrate surface at 1=0 is given by

T 1 et
MO 1 R do 26
O/ck  nexk e“u M, “] (26)
where
M= S S D,M,R,E,. (27)

S
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and the specific heat per unit area of multilayer with substrate and cap is
given by
Ky

,. .‘l C
cf(:N(L, ¥+L3’\'>+L,,%+L,.

o ®s D oy

(28)

The subscripts D and E indicate properties of the substrate and capping
layers, respectively.

3. EXPERIMENTAL PROCEDURE

3.1. Samples

Thermal pulse experiments were performed on five molybdenum
(99.95 wt%) samples, 12 mm in diameter and 199 to 241 um thick, to
ascertain the reliability of the measurement system. The samples were cut
and ground from sheet stock and polished. The two faces of the samples
were optically flat and deviated from parallel by less than 1 zm over the 3-
mm-diameter area viewed by the photodiode.

Thermal pulse experiments were performed on five samples of iron/
copper multilayer on molybdenum to study thermal transport in multi-
layers. The multilayer samples studied were deposited using electron beam
evaporation sources. The deposition rate was approximately 1 nm-s~' in
a low 10 *-Pa (10 °Torr) vacuum with the substrates placed on an
uncooled. rotating platen over the sources. Deposition was monitored
using a quartz crystal oscillator positioned at the center of the rotating
platen. The multilayers were fabricated with 10 bilayers, each nominally
2/3-um copper and 4/3-um iron. The charges used for the deposition were
99.99 wt% copper and 99.98 wt% iron. These materials were chosen
because they are immiscible and do not form intermetallics. The layer
thicknesses were chosen because they were thick enough to ensure layer
integrity during the course of the experiments [ 14]. The iron layers were
thicker to capitalize on iron’s low thermal diftusivity.

It was found that free-standing 20-um-thick multilayer sampies
vibrated after the thermal pulse; the oscillations in signal intensity were
large enough to preclude acquisition of meaningful data. Because the
available deposition facilities did not allow convenient deposition of thicker
films, the multilayers were deposited on substrates. As the thermal trans-
port properties assumed for the substrate could unintentionally affect the
determined values of the thin film thermal transport properties, the 75-4m
molybdenum (99.9 wt %) foil substrates used were the thinnest for which
measurements without significant vibrations were achieved. All of the

840 18 3-20
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Fig. 3. A free-standing piece of the iron/copper multilayer in the as-deposited state. viewed
in cross section by scanning electron micrascope. Thickness variation of the first (bottom)
layers was associated with a faulty thickness monitor during deposition. The layer thicknesses,
1.29 m of iron (dark) and 0.59 gm of copper. are therefore the average thicknesses of each
type of layer.

samples studied were 6.4 mm in diameter and came from a single piece
of coated foil. A micrograph of an as-deposited sample viewed in cross
section, obtained using a scanning electron microscope, is shown in Fig. 3.
Layer thicknesses and bulk properties [ 15, 16] of the three metals in the
multilayer samples are given in Table I for use in the integral solution.

3.2. Measurement Technique

Thermal pulse experiments were conducted using a modified version of
a laser pulse system described elsewhere [17]. The modifications include
addition of a Q-switch for the pulsed laser heating source, to shorten the
pulse duration from about 1 ms to less than 50 ns, and redesign of the
differential gain electronics, both required to work with the submillisecond
duration of the thermal pulse experiments. In addition, the silicon
photodetector used to monitor the radiance of the back surface of the
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Table 1.  Bulk Transport Properties at 1200 K and Dimensions for Constituent Materials of’
Iron/Copper Multilayer on Molybdenum®*

Thermal diffusivity Thermal conductivity Layer(s) thickness
Material fem-s " (W.em™'.s™ 1 (ptm)
Copper 0.838( +06%) 3421 +3-5%) 0.59( £2%)
Iron 0.0605( +4%) (.282( +3-8"%) 1.29( +£2%)
Molybdenum 0.339( + 6% 1O +£4-10%) 750 £2%)

“ Thermal dilfusivities and thermal conductivities of bulk copper. iron. and molybdenum are
from Rels. 15 and 16. Layer thicknesses. average for copper and iron. as determined by SEM
(Fig. 3} of sumples viewed in cross secuon.

sample was replaced with an InGaAs photodetector to improve the signal-
to-noise ratio at lower temperatures (<1250 K). The low temperatures
were necessary to minimize destructive grain boundary grooving in the
sample [ 14] and to retard the formation of iron-molybdenum intermetallic
at the multilayer/substrate interface. The remainder of the system was
unchanged. A laser pulse was delivered to one side of the sample main-
tained at a quasi-steady-state high temperature in a 10 *-Pa (10 ~“-Torr)
vacuum. The radiance of a circular region (less than 3.2 mm in diameter)
on the other side of the sample, after subtraction of the baseline, amplifica-
tion, and recording at a 2-MHz rate with a digital oscilloscope, yielded the
temperature transient. The temperature of the sample before the laser pulse
was measured with an optical pyrometer aimed at the blackbody cavity of
the sample holder [17].

To reduce vibrations associated with the laser pulse, the sample was
sandwiched between two molybdenum annuli: inner diameter 4.8 mm
above the sample (substrate side) and inner diameter 3.2 mm below the
sample (multilayer side). The laser pulse was administered to the substrate
side in all experiments; the temperature transient was monitored on the
multilayer side. The annulus on the substrate side restricted the irradiated
area (otherwise 6.4-mm diameter). Radiative losses should be insignificant
during the brief (< 1-ms) experiments [10]. Minimal long-term cooling
of the rear surface after the initial temperature excursion indicated that
conditions were in fact nearly adiabatic. Therefore, for the 100-zm-thick
specimens, irradiation of the 4.8-mm-diameter region above gave
reasonably one-dimensional heat flow within the monitored region
(diameter, <3.2 mm), and thermal contact of the smooth sample ( <1-xm
rms on both sides) with the machined annuli did not play a significant
role.
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4. MEASUREMENTS

4.1. Molybdenum

Experiments were conducted on five pure molybdenum samples. Each
value of thermal diffusivity was determined by least-squares fitting of
Parker’s solution [ 12] to the normalized transient radiance data in the ver-
tical range 0.2 to 0.8. The thermal diffusivity results on the five molyb-
denum samples, of which three were studied twice, are presented in Fig. 4
in addition to recommended values from Ref. 16. The data fall within the
+ 6% uncertainty of the recommended curve.

4.2. Tron/Copper Multilayer on Molybdenum Substrates

Experiments were conducted on five iron/copper multilayer samples
that came from the same piece of coated molybdenum and had essentially
identical layer dimensions. Samples were brought to a quasi-steady-state
temperature in approximately 15 min, after which up to 20 laser pulses
were applied at approximately 2-min intervals. In an effort to minimize
reactions at the substrate/coating interface, visible in Fig. 5, no sample was
exposed to the high temperatures for more than 50 min.

0.36
Molybdenum
0.34 - o 10/26-30/95 x 11/7/95
+ o+ 1/22-25/96 A 3/21/96
032 15,8
+ 3/25-26/96 —— TPRC
03] +¥

3&:

Thermal Diffusivity, cm*s™
(=)
[\.)
o0

0.22 T T T T 7
1300 1400 1500 1600 1700 1800 1900

Temperature, K

Fig. 4. The thermal diffusivity of molybdenum (99.95 wt%) samples as deter-

mined by pulse heating experiments. The curve represents the recommended values
by TPRC {16].
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Fig. 5. Micrographs of the iron/copper multilayer on molybdenum samples after pulse
heating experiments at two different temperature ranges. The dark spots are pores. () Higher
temperature: Formation of intermetallic at the multilayer/substrate interface and depletion of
the first (bottom) iron layer {dark) are substantial. (b) Lower temperature: Depletion of the
first iron layer and intermetallic formation are not evident. The samples are viewed in cross
section by a scanning electron microscope.
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been smoothed: cach group of five data points
replaced by a single value, at the middle time, deter-
mined by a quadratic fit. The ambient temperature of
this experiment was 1237 K and the temperature
transient 4.3 K. The transient time ;, is 51.8 us.
Though not shown. data were acquired over 4 ms and
manifested insignificant cooling in that time.

65
60
x
x x
L] x e
55 x a x
. o« o x—dt X E x
. *x %
=3 50 " . . LEL TN * X x a 2%
N = -
as 4 \ . 3% m 3809
| a 3/11/96 x 3/15/96
40 x 3/19/96 — Linear Fit
35 - T
1170 1180 1190 1200 1210 1220 1230 1240

Temperature, K

Fig. 7. The dependence of the transient time 7, on the
temperature of the ironjcopper multilayer on molyb-

denum samples.
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Fig. 8. The dependence of the transient time 7, on the
temperature excursion 4T of the iron/copper multilayer on
molybdenum samples. Values have been adjusted to 1200 K
having accounted for different sample temperatures using the
temperature dependence indicated in Fig. 7.

Figure 6 shows one thermal pulse experiment conducted on a sample
of iron/copper multilayer on molybdenum. The temperature excursion of
the back side is 4.3 K and the measurement temperature 1237 K. The time
required for the temperature transient to reach half its maximum value,
t,», determined by least-squares fitting of Parker’s [12] solution for a
honiogeneous material to the data in the vertical range 0.2 to 0.8, was
51.8 us. The best-fit transient obtained from Parker’s solution for
homogeneous materials is also shown. All of the experimental results are
summarized in Figs. 7 and 8. Figure 7 shows the observed ¢, , dependence
on sample temperature. Figure 8 shows the same data, extrapolated to
1200 K using the linear temperature dependence shown in Fig. 7, as a func-
tion of the temperature excursion 47.

The t, , values in Figs. 7 and 8 were determined by least-squares fitting
of Parker’s curve for homogeneous material to the data in the vertical
range 0.2 to 0.8 because its shape is very similar to that of the full multi-
layer solution. Because of the significant noise in the data, this should yield
a more accurate value for ¢, than a straight-line fit to limited data near
the 0.5 crossing. The t, , value is used both because it uniquely determines
the Parker curve and because it is commonly used for analyzing results
from homogeneous samples.

5. RESULTS

Baseline and maximum temperatures, i.e., radiant intensities converted
to voltages by the photodetector and amplification electronics, were
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required for scaling the data obtained from experiments on the pure molyb-
denum and multilayer coated molybdenum. In both cases, the average
intensity during the 0.6 ms between activation of the laser lamp and activa-
tion of the Q-switch that induced lasing was equated to the baseline. The
average intensity from 1 to 4 ms after lasing was equated to the maximum
for the molybdenum samples, 0.4 to 1 ms for the multilayer samples. After
scaling to unity, the data were numerically compared to the Parker solu-
tion; the value of 7, » that minimized the least-squares difference for times
when the Parker solution was within the vertical range 0.2 to 0.8 is the
experimental value used in this paper.

Of the thermal diffusivity values obtained from experiments on the five
molybdenum samples included in this work, the results of about 40% of
the experiments are shown in Fig. 4. Of the ¢, , values obtained from the
five multilayer/substrate samples, 60% appear in Figs. 7 and 8.

The remaining experiments are not presented in this work because of
flawed data that might have resulted from (a) large vibrations of the
sample, (b) temperature decay caused by lateral heat flow when the
monitored location was accidentally near the edge of the region heated by
the laser pulse. and (c¢) a nonsteady baseline signal possibly associated
with laser prefire or electronic noise. To detect drift of the baseline. an
additional t, , value was obtained by equating the baseline signal to the
average intensity during the 200 s (instead of the 400 us used originally)
immediately prior to lasing. To detect heat loss from the Mo samples, an
additional 1, » value was obtained by equating the maximum signal to the
average intensity during the period 1 to 2 ms after lasing instead of the |
to 4ms used originally; for the multilayer samples, 04 to 1.0 ms was
replaced by 0.3 to 0.6 ms. All the experiments for which either of these two
values differed from the original value by 2% or more were discarded. If
both values diflered from the original value by less than 1%, the experi-
ment was kept. If either or both of these values differed by 1 to 2% from
the original value, the overall data curve was judged more critically for
deviations from the Parker shape, such as those arising from vibrations,
and either kept or discarded on this basis.

Because the thermal transport properties generally depend on tem-
perature T, a measurement error is expected if the temperature excursion
AT is excessively large. This occurs because, for the pulse duration used in
these experiments, the very thin region at the sample surface that originally
absorbs the heat pulse [ 7] has a temperature rise of the order of 100 times
the long-term temperature excursion. Temperature dependence of transport
properties thus becomes an issue. The larger the heat absorbed, the longer
(temporally) and larger (spatially) a region with temperature excursion
greater than a given value will exist during the course of equilibration, and
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Table 1. Comparison of Experimental and Theoretical Results on [ron/Copper Multilayer
on Molybdenum at 1200 K

Source 14 (us)
Experiment (from fit at 1200 K) 334+08
Integral solution (propertics from Table [): p =0 K .cm®- W ! 493
Integral solution {properties from Tuble 1 p=2x 10" K.em*. W ! 50.6
Ko =UT0wTand 2, = 1([w2][ L] 49.5
Kog=[x]and 2, =[2]" 383
Kae=1[ln]and o, ,=[a]" 326

" The multilayer has been modeled as homogencous with w,, and a,,, determined from the
thickness averages, indicated by brackets. of the quantities indicated in Table I. The proper-
ties of the molybdenum substrate are those in Table I. Note that the ratio x/a is the specific
heat per uait volume.

the larger the error it will introduce. The data shown in Figs. 7 and 8 had
thermal excursions of 5 K or less because larger values had a clear effect on
the 7, values observed and thus were not meaningful. The magnitude of
the thermal transient had an insignificant eftect on the 1, , value for 4T less
than 5 K (Fig. 8) and is therefore ignored. A least-squares fit of the ¢, , data
(Fig. 7) to the form ¢, .=A+ B(T—1200) gives 4 =5344+08 us and
B=0.037+0.02us-K ' Though the sign (positive) of the temperature
dependence is clear, its value is not.

The 1, » values obtained experimentally on the iron/copper on molyb-
denum samples are compared with several predicted values in Table IL
Predicted values include those obtained from the integral solution,
Eq. (26), with bulk properties as listed in Table I. Other values, obtained
from the integral solution with the thermal conductivities and thermal dif-
fusivities of the layers in the coating replaced by various forms of thickness
averaged iron and copper properties, are included for comparison as such
averaging is [requently done to model these materials.

6. DISCUSSION

Using the thermal diffusivity value given in Table I, the molybdenum
substrate alone would yield f; ,=23.0us in a thermal pulse experiment.
The effect of the iron/copper multilayer coating is clear in the experimental
data. However, the 8% difference between the f, » value predicted by the
integral solution using bulk material properties and the experimental value,
both shown in Table 11, is large. Thickness averaging, indicated by square
brackets, of the thermophysical properties results in errors manifesting as
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disagreement with the integral solution. The disagreement for w,,, =[x]
and «,,=[«] is not a surprise, as averaging of the conductivity is not
correct even for steady-state heat transfer. Using x,,=1/[1/xk] and
®,e = [a]. though correct for steady-state heat tansfer, is clearly incorrect
for modeling of transients. Only averaging of 1/x and /o is appropriate for
approximating the average properties of the sample. If the multilayer
material is composed of sufficiently many bilayers then, absent an interface
resistance, the approximate solution with w  =1/[1/x] and a,,=
1A w/)][1/x]) will converge to the integral solution.

The interface resistance. though introduced in the development of the
integral solution, has been set to zero in the modeling of these samples. For
interface resistance p=2x10 *cm’-K-W ', Fig.9 shows the predicted
effect on the thermal transient of increasing the number of interfaces within
a given thickness of coating, Le., reducing the bilayer thickness. The value
of interface resistance used is representative of values obtained from other
metal/metal multilayer systems [8]. Based on this value, as shown in
Table I, the interface resistance would account for approximately one-third
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Fig. 9. Calculations of temperature transients of iron/cop-
per multilayer on molybdenum samples where the number of
bilayers is  varied, the interface  resistance s
2x 10 em”- K -W ™' and bulk properties are from Table I.
Total thicknesses of iron, copper. and molybdenum substrate
are lixed at 129, 59, and 75 gm, respectively. The curves
were obtained from the integral solution of the heat transfer
equation.
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(1.3 us) of the 8% (4.1 us) difference between the observed and the predicted
values of 7, 5.

The discrepancy between the transient time 7,. predicted by the
integral and the measured value is larger than the +5% standard devia-
tion of the measurements (Fig. 8). The relatively large standard deviation
of the data is associated with the low signal-to-noise ratio at the low
temperatures necessitated by the low melting point of the samples (Fig. 7).
The discrepancy is also somewhat larger than the uncertainties in the bulk
properties, shown in Table I, that were used in the integral solution
[15, 16].

Perhaps of greatest concern are the voids evident in specimens held at
elevated temperatures {Fig. 5). The voids are likely the result of annealing
out excess defects, e.g., grain boundaries, incorporated into the specimen
during deposition. The voids would reduce thermal transport through that
region of the sample, decreasing thermal conductivity and increasing ¢, 5,
consistent with the discrepancy. It should be noted that if the voids are dis-
tributed throughout the sample, they would also decrease the specific heat
per unit volume, partly offsetting the previous effect.

An additional concern is the reacted region at the substrate/coating
interface seen in Fig. 5. One of the samples studied, shown in Fig. 5a, was
held for 50 min at temperatures between 1209 and 1237 K. During the dif-
fusion transient the interface may contain both the equilibrium phases
Fe,Mo and Fe, Mo, below 1200 K but should contain only Fe;Mo, above
1200 K [18]. It is expected that the reaction layer formed by diffusion of
iron from the first iron layer through the first copper layer to the molyb-
denum substrate; note the depletion of the first iron layer. The second
sample studied, shown in Fig. 5b, held for 35 min between 1171 and
1189 K, has a thinner reacted layer consistent with the lower temperature
and shorter duration. Both the reacted region and the interdiffusion of the
iron and copper might retard heat flow, consistent with the observed dis-
crepancy. However, no clear trend of t,, during the experiments was
noted, inconsistent with a connection between the thickening reacted layer
and the discrepancy between measurement and prediction.

Though pure iron changes from a bce to an fec crystal structure at
1185 K [19], copper in solution can lower this value to 1123 K [19].
However, the difference in r,, associated with the phase change is
anticipated to be less than the experimental uncertainty. Analysis of steady-
state heat transfer across the sample indicates that the sample temperature
may be 11 K lower than the temperature of the specimen holder measured
by the pyrometer [17]. Also, increasing temperatures, 1 to 2 K -min ~',
indicated that thermal equilibrium was not reached in most experiments,
a result of the desire to minimize reaction at the interface, ie., duration
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at high temperature. Nonetheless it is believed that thermal equilibrium
was reasonably good because, for small temperature excursions, an
approximately linear relationship existed between the radiances measured
by the pyrometer and the InGaAs photodiode.

7. CONCLUSION

An exact integral solution to the time-dependent heat transfer equa-
tion for periodic multilayers with an arbitrary number of repeat units N
has been developed. This integral solution has been used as a tool to
analyze the transient associated with thermal pulse experiments on multi-
layer coated substrates. In particular, comparison of the predicted transient
time 7, , based on bulk thermal transport properties with the results of
experiments conducted on iron/copper multilayers on molybdenum sub-
strates has yielded an 8% (4-us) difference. Possible explanations for the
discrepancy. including voids, reaction layer, and Fe phase change, have
been noted. Furthermore, comparison with results predicted by assuming
the multilayer to be a homogeneous material with thermal transport
properties determined by thickness averaging (quantities given in brackets)
the properties of the constituent layers has demonstrated that only the
choice x,,,=1/[1/x] and a,,, = 1/([x/x)][1/x]) is acceptable.

For the samples studied, the efiect of interface resistance is expected to
be small. Films with higher densities of interfaces, 1.e., thinner layers, were
not pursued in this work because the layered structure broke down at these
temperatures. [t is anticipated that modifications of the measurement
system to lower the range of operating temperatures will, with the integral
solution presented in this work, permit interface resistances to be deter-
mined from the results of future pulsed laser heating experiments on sam-
ples with higher densities of interfaces.
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